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In this contribution, we propose a new model for studying the conﬁnement of a spin-half particle to
a two-dimensional quantum ring for systems described by the Dirac equation by introducing a new
coupling into the Dirac equation. We show that the introduction of this new coupling into the Dirac
equation yields a generalization of the two-dimensional quantum ring model proposed by Tan and Inkson
[W.-C. Tan, J.C. Inkson, Semicond. Sci. Technol. 11 (1996) 1635] for relativistic spin-half quantum particles.
© 2012 Elsevier B.V. Open access under the Elsevier OA license.1. Introduction
Recent studies of the interaction between a relativistic spin-half
particle with the harmonic oscillator potential has shown, in the
nonrelativistic limit of the Dirac equation, the impossibility of re-
covering the harmonic oscillator Hamiltonian due to the presence
of a quadratic potential [1–4]. Therefore, the relativistic harmonic
oscillator has been investigated by introducing a coupling into the
Dirac equation in such a way that the Dirac equation remains
linear both in momenta and coordinates, and such that one can
recover the Schrödinger equation for a harmonic oscillator in the
nonrelativistic limit of the Dirac equation. This new coupling in-
troduced into the Dirac equation is called the Dirac oscillator [1].
Another way of obtaining a relativistic oscillator was investigated
in [5] by introducing a scalar and vector potentials which are
quadratics in coordinates. In recent years, the Dirac oscillator has
been used in studies of the Ramsey-interferometry effect [4], in the
quantum Hall effect [6], and has also been investigated in the pres-
ence of an external magnetic ﬁeld [7].
It is worth mentioning that the introduction of the Dirac oscil-
lator does not allow us to make a complete study of the conﬁne-
ment of a relativistic quantum particle to a two-dimensional quan-
tum ring. In the nonrelativistic context of the quantum mechan-
ics, the conﬁnement of quantum particles into a two-dimensional
quantum ring has presented interesting results, such as, a non-
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Open access under the Elsevier OA license.parabolic spectrum of energy [8], the arising of persistent cur-
rents due to the dependency of the energy levels on the Berry’s
phase [9], a parabolic spectrum of energy [10–13], and the arising
of persistent currents due to the dependency of the energy levels
on the Aharonov–Casher quantum ﬂux [13,14].
In this Letter, based on the coupling corresponding to the Dirac
oscillator [1], we propose the introduction of a new coupling into
the Dirac equation to study the conﬁnement of a spin-half par-
ticle to a two-dimensional quantum ring in condensed matter
systems described by the Dirac equation. This is the case of an
ultra-relativistic quasiparticle system, where the system is char-
acterized by a linear dispersion relation with respect to the ve-
locity obeyed by the quasiparticles. For instance, near the Fermi
points in graphene, the dispersion relation is linear with respect
to momenta, where the Fermi velocity plays the role of velocity
of the light [15,16]. We show that the introduction of this new
coupling into the Dirac equation yields a generalization of the two-
dimensional quantum ring model proposed by Tan and Inkson [8]
for relativistic quantum particles. By using this model, we can also
obtain a nonparabolic and discrete spectrum of energy for a spin-
half particle conﬁned to two-dimensional quantum ring analogous
to the Tan–Inkson model [8] in the nonrelativistic limit. Further-
more, we show that this relativistic model allows us to discuss
both the conﬁnement of a spin-half particle to a quantum dot,
and the interaction with a quantum antidot in systems described
by the Dirac equation.
The structure of this Letter is as follows: in Section 2, we
begin by introducing a new coupling into the Dirac equation to
describe the conﬁnement of a relativistic spin-half particle to a
two-dimensional quantum ring; in Section 3, we consider the
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quantum ring, and solve the Dirac equation exactly. We show that
the relativistic energy levels has a dependence of the magnetic
quantum ﬂux which gives rise to the arising of persistent currents
in the two-dimensional quantum ring; in Section 4, we discuss the
nonrelativistic limit of the Dirac equation; in Section 5, we discuss
the limit where this model describes the conﬁnement of a spin-
half particle to a quantum dot, and the interaction with a quantum
antidot in systems described by the Dirac equation. In Section 6,
we present our conclusions.
2. Two-dimensional quantum ring model
Let us begin by introducing a new coupling into the Dirac equa-
tion. As we have discussed in the introduction, the interaction be-
tween a relativistic spin-half particle with the harmonic oscillator
potential has shown problems in recovering the harmonic oscil-
lator Hamiltonian in the nonrelativistic limit of the Dirac equation
due to the presence of a quadratic potential [1–4]. Therefore, a new
coupling has been introduced into the Dirac equation in such a
way that this equation remains a linear equation both in momenta
and coordinates in order to study the relativistic harmonic oscil-
lator. This coupling, which is known in the literature as the Dirac
oscillator [1], is given by
p → p − imωργ 0ρˆ, (1)
where ρˆ is the unit vector in the radial direction. In this way,
based on the coupling which gives rise to the Dirac oscillator,
we introduce the following coupling into the Dirac equation
p → p + i
[√
2ma1
ρ
+√2ma2ρ
]
γ 0ρˆ, (2)
where a1 and a2 are control parameters. In the following, we show
that the introduction of the coupling (2) gives rise to a model
for studies of the conﬁnement of a relativistic spin-half particle
to a two-dimensional quantum ring yielding a generalization of
the Tan–Inkson model for a two-dimensional quantum ring [8].
We also show that, by taking the parameter a1 = 0, the relativistic
energy levels correspond to both the energy levels of the Dirac os-
cillator, and the conﬁnement of a relativistic spin-half particle to a
quantum dot. Moreover, by taking the parameter a2 = 0, we have
the case where the relativistic spin-half particle interacts with a
quantum antidot, and no bound states can be achieved.
3. Solutions of the Dirac equation in a two-dimensional ring
In this section, we obtain the solutions of the Dirac equation
in the presence of the conﬁning potential described by Eq. (2).
Since the coupling (2) takes into account the cylindrical symmetry,
we work the Dirac equation with curvilinear coordinates. In this
case, the line element of the Minkowski spacetime is written in
cylindrical coordinates as follows: ds2 = −dt2 + dρ2 + ρ2 dϕ2 +
dz2. Thus, by applying a coordinate transformation ∂
∂xμ = ∂ x¯
ν
∂xμ
∂
∂ x¯ν ,
and a unitary transformation on the wave function ψ(x) = Uψ ′(x¯),
the Dirac equation can be written in any orthogonal system in the
following form [17]:
iγ μDμψ + i
2
3∑
k=1
γ k
[
Dk ln
(
h1h2h3
hk
)]
ψ =mψ, (3)
where Dμ = 1hμ ∂μ is the derivative of the corresponding coordi-
nate system, and the parameters hk are the scale factors of the
corresponding coordinate system. For instance, in cylindrical co-
ordinates, the scale factors are given by h0 = 1, h1 = 1, h2 = ρ ,and h3 = 1. In this way, the second term in (3) gives rise to a term
called the spinorial connection [17–22]. The matrices γ μ are the
Dirac matrices given in the Minkowski spacetime [23,24], that is,
γ 0 = βˆ =
(
I 0
0 −I
)
; γ i = βˆαˆi =
(
0 σ i
−σ i 0
)
;
Σ i =
(
σ i 0
0 σ i
)
, (4)
with I , Σ and σ i being the 2 × 2 identity matrix, the spin vector
and the Pauli matrices, respectively. The Pauli matrices satisfy the
relation (σ iσ j + σ jσ i) = 2ηi j , where ημν = diag(− + ++) is the
Minkowski tensor.
Let us also consider a ﬁeld characterized by a potential vector
A = φ2πρ eˆϕ , with φ being the magnetic ﬂux on the z direction,
where the magnetic ﬁeld is given by B = φδ(x)δ(y)zˆ. The purpose
for introducing this magnetic ﬂux or the Aharonov–Bohm ﬂux is to
investigate the arising of persistent currents in the nonrelativistic
case [8]. In the present case, we have added this ﬂux in order to
obtain persistent currents in the quantum ring described by the
model (2), and compare the relativistic behavior with the well-
known results of the nonrelativistic case [8].
Hence, by introducing the coupling (2) into the Dirac equation
in the presence of the magnetic ﬂux, the Dirac equation becomes
i
∂ψ
∂t
=mβˆψ − iαˆ1
[
∂
∂ρ
+ 1
2ρ
− βˆ
√
2ma1
ρ
− βˆ√2ma2ρ
]
ψ
− i αˆ
2
ρ
[
∂
∂ϕ
− i φ
φ0
]
ψ − iαˆ3 ∂ψ
∂z
, (5)
where q corresponds to the electric charge of the particle, and φ0 =
2π/|q|. The solution of the Dirac equation (5) is given in the form:
ψ = e−iEt
(
η
χ
)
, (6)
where η = η(ρ,ϕ, z) and χ = χ(ρ,ϕ, z) are two-spinors. Thus,
substituting (6) into the Dirac equation (5), we obtain two cou-
pled equations for η and χ , where the ﬁrst coupled equation is
(E −m)η = −iσ 1
[
∂
∂ρ
+ 1
2ρ
+
√
2ma1
ρ
+√2ma2ρ
]
χ
− iσ
2
ρ
[
∂
∂ϕ
− i φ
φ0
]
χ − iσ 3 ∂χ
∂z
, (7)
while the second coupled equation is
(E +m)χ = −iσ 1
[
∂
∂ρ
+ 1
2ρ
−
√
2ma1
ρ
−√2ma2ρ
]
η
− iσ
2
ρ
[
∂
∂ϕ
− i φ
φ0
]
η − iσ 3 ∂η
∂z
. (8)
By eliminating χ in (8) and substituting it in (7), we obtain the
following second-order differential equation:
(E2 −m2)η = − ∂2η
∂ρ2
− 1
ρ
∂η
∂ρ
+ η
4ρ2
−
√
2ma1
ρ2
η
+√2ma2η + iσ
3
ρ2
∂η
∂ϕ
+ 2ma1
ρ2
η
+ 4m√a1a2η − 2iσ 3
√
2ma1
ρ2
∂η
∂ϕ
− 2σ 3 φ
√
2ma1
2
η + 2ma2ρ2ηφ0 ρ
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∂ϕ
− 2 φ
φ0
√
2ma2σ
3η
+ φ
φ0
σ 3
ρ2
η − 1
ρ2
∂2η
∂ϕ2
+
(
φ
φ0ρ
)2
η + 2i φ
φ0ρ2
∂η
∂ϕ
− ∂
2η
∂z2
, (9)
where we have assumed that the spin of the quantum particle is
polarized along the z-axis. From (9), we can see that η is an eigen-
function of σ 3, whose eigenvalues are s = ±1. Thus, we can write
σ 3ηs = ±ηs = sηs , that is, σ 3η+ = η+ and σ 3η− = −η− . We can
also see that the operators Jˆ z = −i∂ϕ ,1 and pˆz = −i∂z commute
with the Hamiltonian of the right-hand side of (9), then, we can
take the solutions of (9) in the form:
ηs = eijϕeikz
(
R+(ρ)
R−(ρ)
)
, (10)
where j = l + 12 , l = 0,±1,±2, . . . , and k is a constant. Note that
Eq. (10) is an eigenstate of Jˆ z with half-integer eigenvalues given
j = ± 12 ,± 32 , . . . , a fact required for a spin-1/2 particle. In this
work, we consider k = 0 since we are interested in discussing
a planar system. Substituting (10) into (9), we obtain two non-
coupled radial equations for R+(ρ) and R−(ρ), therefore we write
the equations for R+(ρ) and R−(ρ) in the following compact
form:[
d2
dρ2
+ 1
ρ
d
dρ
− τ
2
s
ρ2
− 2ma2ρ2 + νs
]
Rs(ρ) = 0, (11)
where we have deﬁned in Eq. (11), the parameters:
τs = ζs + s
√
2ma1;
ζs = l + 1
2
(1− s) − φ
φ0
;
νs = E2 +m2 − 2s
√
2ma2ζs − 2
√
2ma2 − 4m√a1a2. (12)
Note that Eq. (11) has the same form of the radial equation ob-
tained in Ref. [8], that represents a particle in the presence of an
effective quantum ring potential. In this way, Eq. (11) describes the
motion of the particle conﬁned to a ring geometry.
Before solving the second-order differential equation (11),
we make a coordinate transformation given by μ = √2ma2ρ2.
In this way, we rewrite (11) in the form:
[
μ
d2
dμ2
+ d
dμ
− τ
2
s
4μ
− μ
4
+ νs
4
√
2ma2
]
Rs(μ) = 0. (13)
Thus, in order to have a regular solution at the origin and ﬁnite
everywhere (that is, Rs → 0 when ρ → ∞), we take the solution
of (13) in the form:
Rs(μ) = e−
μ
2 μ
|τs |
2 Fs(μ). (14)
Substituting (14) into (13), we obtain
1 Note that, in cylindrical coordinates Jˆ z is expressed as just a derivative of φ.
Hence, the solutions of Eq. (9) must be eigenfunctions of Jˆ z = −i∂ϕ , whose eigen-
values are j = ± 12 ,± 32 , . . . = l ± 12 , where l = 0,±1,±2, . . . . Comparing with
Ref. [17], we have the situation where the z-component of the total angular mo-
mentum is deﬁned as Jˆ z = −i∂ϕ + σ 32 [23,24], but with the γ μ matrices being
deﬁned in terms of the space coordinates, that is, γ¯ 0 = γ 0, γ¯ 1 = cosϕγ 1 + sinϕγ 2,
γ¯ 2 = − sinϕγ 1 + cosϕγ 2, and γ¯ 3 = γ 3. Hence, the authors of Ref. [17] show that
by making a coordinate transformation from the Cartesian coordinates to the cylin-
drical coordinates, and by applying a unitary transformation on the spinor given by
ψc = Sˆψ = exp[− i2ϕΣ3]ψ , where ψc is the spinor in Cartesian coordinates, we ob-
tain the same solution given in (10).μ
d2Fs
dμ2
+ [|τs| + 1− μ]dFs
dμ
+
[
νs
4
√
2ma2
− |τs|
2
− 1
2
]
Fs = 0,
(15)
which corresponds to the conﬂuent hypergeometric equation or
the Kummer equation [25]. The regular solution at the origin
is called the Kummer function of ﬁrst kind, which is given by
Fs(μ) = 1F1( |τs |2 + 12 − νs4√2ma2 , |τs| + 1,μ) [25]. Hence, in order to
obtain a ﬁnite solution everywhere, we must impose the condition
where the conﬂuent hypergeometric series becomes a polynomial
of degree n [25,26], with n = 0,1,2, . . . . This occurs when
|τs|
2
+ 1
2
− νs
4
√
2ma2
= −n. (16)
By taking the parameters deﬁned in (12), then, the condi-
tion (16) yields
E2n,l =m2 + 4
√
2ma2
[
n +
∣∣l + 12 (1− s) − φφ0 + s
√
2ma1
∣∣
2
+ s
(
l + 12 (1− s) − φφ0
)
2
+ 1
]
+ 4m√a1a2. (17)
The discrete spectrum of energy (17) corresponds to the en-
ergy levels of bound states of a spin-half charged particle conﬁned
to a two-dimensional quantum ring in a system described by the
Dirac equation in the presence of a magnetic ﬂux. We can see
that the energy levels (17) depend on the control parameters a1
and a2, which allow us to compare with condensed matter systems
since we can identify the control parameters in such a system. Fur-
thermore, we also observe the ﬂux dependence of the relativistic
energy levels (17) with a periodicity φ → φ − φ0, thus, we have
that En,l(φ − φ0) = En,l+1(φ). This ﬂux dependence of the energy
levels gives rise to the arising of persistent currents [27] in the
two-dimensional quantum ring given by
I = −
∑
n,l
∂En,l
∂φ
= q
2π
∑
n,l
√
2ma2
(
τs
|τs| + 1
)
×
{
m2 + 4√2ma2
[
n + |τs|
2
+ s ζs
2
+ 1
]
+ 4m√a1a2
}−1/2
.
(18)
We can also observe that the persistent current (18) depends
on the control parameters a1 and a2, and the quantum numbers n
and l. Comparing with the Tan–Inkson model [8], where the per-
sistent currents do not depend on the quantum number n, we have
that the present model allows us to get the information about
the quantum number n for persistent currents in condensed mat-
ter systems described by the Dirac equation. We also have that
the persistent current (18) is a periodic function of the magnetic
ﬂux φ.
Next, let us obtain the Dirac spinors corresponding to the
positive-energy solution of (5). First of all, we should note that,
by taking the radial wave functions (14), we can write (10) in the
following form:
ηs = ei(l+ 12 )ϕe−
√
ma2
2 ρ
2
(2ma2)
|τs |
4 ρ|τs|
× 1F1
(−n, |τs| + 1,√2ma2ρ2). (19)
Thus, in order to obtain the solutions of the Dirac equation (5),
1272 K. Bakke, C. Furtado / Physics Letters A 376 (2012) 1269–1273we must solve the coupled equations given in (7) and (8).
Substituting (19) into (8), we can obtain the solutions for the
two-spinor χ . Hence, the positive-energy solutions of the Dirac
equation (5) corresponding to the parallel and anti-parallel com-
ponents to the z-axis are given by, respectively,
ψ+ = f+1F1
(−n, |τ+| + 1,√2ma2ρ2)
×
⎛
⎜⎝
1
0
0
i
(E+m)
[
2
√
2ma2ρ + (ζ+−|τ+|+
√
2ma1)
ρ
]
⎞
⎟⎠
+ i f+
(E +m)
(
2n
√
2ma2ρ
|τ+| + 1
)
× 1F1
(−n + 1, |τ+| + 2,√2ma2ρ2)
⎛
⎜⎝
0
0
0
1
⎞
⎟⎠ , (20)
and
ψ− = f−1F1
(−n, |τ−| + 1,√2ma2ρ2)
×
⎛
⎜⎝
0
1
i
(E+m)
[
2
√
2ma2ρ − (ζ−+|τ−|−
√
2ma1)
ρ
]
0
⎞
⎟⎠
+ i f−
(E +m)
(
2n
√
2ma2ρ
|τ−| + 1
)
× 1F1
(−n + 1, |τ−| + 2,√2ma2ρ2)
⎛
⎜⎝
0
0
1
0
⎞
⎟⎠ , (21)
where we have deﬁned in (20) and (21) the following parameters:
f± =
[√
8ma2(n + |τs| + 1)
(n + 1)[(|τs| + 1)]2
]1/2
× e−iEtei(l+ 12 )ϕe−
√
ma2
2 ρ
2
(2ma2)
|τ±|
4 ρ|τ±|, (22)
where (x) corresponds to the Gamma function. The spinors (20)
and (21) correspond to the positive-energy solutions of the Dirac
equation (5). Note that the same procedure can be used in order
to obtain the negative-energy solutions of the Dirac equation (5).
4. Nonrelativistic limit
Now, let us make a discussion about the nonrelativistic limit of
the energy levels (17). We can obtain the nonrelativistic limit of
the energy levels (17) by applying the Taylor expansion, up to the
ﬁrst-order terms. Thus, the Taylor expansion yields
En,l ≈m +
√
8a2
m
[
n +
∣∣l + 12 (1− s) − φφ0 + s
√
2ma1
∣∣
2
+ s
(
l + 12 (1− s) − φφ0
)
2
+ 1
]
+ 2√a1a2. (23)
Hence, we can see that the nonrelativistic energy levels (23)
recover the results of the Tan–Inkson model [8] for a spin-half
charged particle conﬁned to a two-dimensional quantum ring,
whose frequency depends on the control parameter a2, that is,
ω =
√
8a2 . We also note the ﬂux dependence of the nonrelativis-mtic energy levels (23), with a periodicity φ → φ − φ0. In this way,
we have En,l(φ −φ0) = En,l+1(φ). Thus, the persistent currents are:
I = −
∑
n,l
∂En,l
∂φ
≈ q
4π
∑
n,l
√
8a2
m
[
τs
|τs| + 1
]
, (24)
which can also be obtained from (18) by applying the Taylor ex-
pansion, up to the terms of order O(m−2). Note that the persistent
current (24) depends on the control parameter a1 and a2, and the
quantum number l. This result agrees with the Tan–Inkson model
when we consider a spin-half quantum particle. We also observe
that the persistent current (24) is a periodic function of the mag-
netic ﬂux φ.
5. Dirac particle conﬁned to a quantum dot
In the following, let us come back to the coupling (2). One
should note that by taking the control parameter a1 = 0 in the cou-
pling (2), we recover the Dirac oscillator [1]. For quantum systems
in condensed matter described by the Dirac equation, by taking the
control parameter a1 = 0, the coupling (2) describes the conﬁne-
ment of a spin-half particle to a quantum dot. Hence, the energy
levels corresponding to the conﬁnement of a spin-half particle in a
condensed matter system described by the Dirac equation are
E2n,l =m2 + 4
√
2ma2
[
n +
∣∣l + 12 (1− s) − φφ0
∣∣
2
+ s
(
l + 12 (1− s) − φφ0
)
2
+ 1
]
, (25)
where we can also see the ﬂux dependence of the energy levels
(25), that is, we also have En,l(φ − φ0) = En,l+1(φ). Moreover, the
persistent currents inside the quantum dot are
I = −
∑
n,l
∂En,l
∂φ
= q
2π
∑
n,l
√
2ma2
(
ζs
|ζs| + 1
)
×
{
m2 + 4√2ma2
[
n + |ζs|
2
+ s ζs
2
+ 1
]}−1/2
. (26)
The nonrelativistic limit of the energy levels (25) can also be
obtained by applying the Taylor expansion, up to the ﬁrst-order
terms. The corresponding nonrelativistic energy levels are
En,l ≈m +
√
8a2
m
[
n +
∣∣l + 12 (1− s) − φφ0
∣∣
2
+ s
(
l + 12 (1− s) − φφ0
)
2
+ 1
]
, (27)
which recover the results obtained by Tan and Inkson in [8] for a
spin-half particle. We also have a ﬂux dependence in (27) with a
periodicity En,l(φ−φ0) = En,l+1(φ), therefore the persistent current
are [28,29]
I = −
∑
n,l
∂En,l
∂φ
≈ q
4π
∑
n,l
√
8a2
m
[
ζs
|ζs| + 1
]
, (28)
which can be obtained from (26) by applying the Taylor expansion,
up to the terms of order O(m−2).
Furthermore, by taking the control parameter a2 = 0 in (2),
we have that no bound states can be achieved anymore. This case
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a quantum antidot, where there is no conﬁnement of the quantum
particle [8].
6. Conclusions
We have proposed a model for studying the conﬁnement of a
spin-half particle to a two-dimensional ring in quantum systems
described by the Dirac equation. This model consists in introduc-
ing a new coupling into the Dirac equation which depends on two
control parameters. In this way, we have shown that we can obtain
a generalization of the Tan–Inkson model for a two-dimensional
quantum ring [8] for systems described by the Dirac equation,
where the energy levels depend on the control parameters. More-
over, we have shown that we can recover the nonparabolic energy
levels obtained in the Tan–Inkson model [8] in the nonrelativis-
tic limit of the energy levels. Furthermore, we have considered the
presence of a magnetic ﬂux on the z-axis, and shown that the en-
ergy levels are ﬂux dependent. Thus, due to the ﬂux dependence of
the energy levels, we have discussed the arising of persistent cur-
rents in the two-dimensional quantum ring for condensed matter
systems described by the Dirac equation.
We have also shown, by taking the control parameter a1 = 0,
that we can recover the Dirac oscillator [1] and study the con-
ﬁnement of a spin-half particle to a quantum dot in a condensed
matter system described by the Dirac equation. Hence, we have
obtained the energy levels, and discussed the arising of persistent
currents inside the quantum dot. Moreover, we have discussed the
case of the interaction between the spin-half particle with a an-
tidot by taking the control parameter a2 = 0, and shown that no
bound states can be achieved. Finally, we have obtained the Dirac
spinors corresponding to the positive-energy solutions.
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